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Three-dimensional slow Rossby waves in rotating spherical density stratified
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We develop a theory of three-dimensional slow Rossby waves in rotating spherical density strat-
ified convection. The Rossby waves with frequencies which are much smaller than the rotating
frequency, are excited by a non-axisymmetric instability from the equilibrium based on the devel-
oped convection. These waves interact with the inertial waves and the density stratified convection.
The density stratification is taken into account using the anelastic approximation for very low-Mach-
number flows. We study long-term planetary Rossby waves with periods which are larger than two
years. We suggest that these waves are related to the Southern Oscillation and El Nin˜o. The El Nin˜o
is an irregularly periodical variation in winds and sea surface temperatures over the tropical Pacific
Ocean, while the Southern Oscillation is an oscillation in surface air pressure between the tropical
eastern and the western Pacific Ocean. The strength of the Southern Oscillation is characterised by
the Southern Oscillation Index (SOI). The developed theory is applied for the interpretation of the
observed periods of the SOI. This study demonstrates a good agreement between the theoretical
predictions and the observations.
I. INTRODUCTION
Rossby waves [1, 2] which are caused by the combined
effect of rotation and curvature of the surface, exist in
various hydrodynamic flows (see [3–5], and references
therein). Rossby waves have been found in different
geophysical phenomena (see [3, 4, 6–9], and references
therein), e.g., they are observed in the atmosphere as the
large meanders of the mid-latitude jet stream that are
responsible for the prevailing seasonal weather patterns
and their day-to-day variations (see [3, 6, 7], and refer-
ences therein). Mesoscale variability in ocean, in scales
of tens to hundreds of km and tens to hundreds of days,
occurs as linear Rossby waves and as nonlinear vortices
or eddies (see [10–15], and references therein).
Nonlinear dynamics of Rossby waves can cause the for-
mation of zonal flows or zonal jets (see [5, 16–18], and
references therein). Zonal flows are coherent structures
with a jet-like velocity profile in anisotropic flows due to
the large aspect ratio and planetary rotation. Zonal flows
are produced near the tropopause in the atmosphere (the
polar and subtropical jet streams) and in the oceans (the
Antarctic circumpolar current) [5, 19]. The generation
of zonal flows are caused by generation of small-scale
meridional Rossby waves by a modulational instability
and nonlinear interaction of the Rossby waves [5]. Gen-
eration of zonal flows in the Earth’s atmosphere occurs
in unstably stratified flows.
Rossby waves also can be important in solar and stel-
lar astrophysics, e.g., in tachocline layer below the con-
vection zone of the sun and solar-like stars [20–22]. In
plasma physics, Rossby waves are analogous to the drift
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FIG. 1. Time dependence of the Southern Oscillation Index
(SOI) after 5 month window averaging, where the time is
measured in years, t = 0 corresponds to 1878 year, the total
time interval of the observations of the SOI is 138 years. The
data are taken from [29].
waves which are caused by the combined effect of the
drift motions perpendicular to the electric and magnetic
fields and large-scale density gradient (see [5, 18], and
references therein).
It was suggested that Rossby waves can be related to
the El Nin˜o and Southern Oscillation (see [23–26], and
references therein). The El Nin˜o is an irregularly period-
ical variation of winds and sea surface temperatures over
the tropical Pacific Ocean, while the Southern Oscilla-
tion is an oscillation of surface air pressure between the
tropical eastern and the western Pacific Ocean.
The strength of the Southern Oscillation is charac-
terised by the Southern Oscillation Index (SOI), and
is determined from fluctuations of the surface air pres-
sure difference between Tahiti and Darwin, Australia (see
[27, 28], and references therein). For example in Fig. 1
we show the time dependence of the SOI after 5 month
window averaging, where the time is measured in years,
t = 0 corresponds to 1878 year, and the total time inter-
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FIG. 2. The spectrum ESOI(f) of the SOI. The frequency
is measured in the units of the inverse years. The shown
periods of oscillations (13.88; 6.61; 4.96; 3.96; 3.08; 2.57) are
measured in years.
val of the observations of the SOI is 138 years. Although
this function looks like a random signal, the spectrum of
the SOI shown in Fig. 2 contains several typical periods
which are larger than two years.
In spite of many observations of the SOI, it is not clear
how Rossby waves can explain these observations. The
classical two-dimensional Rossby waves are usually con-
sidered in the β-plane approximation. In the framework
of this approximation, the motions are studied in quasi
two-dimensional incompressible thin fluid layer of con-
stant density with a free surface in hydrostatic balance
on the rotating plane with variable Coriolis parameter,
that depends linearly on the horizontal coordinate (see
[3, 4], and references therein). However, the periods of
the classical planetary Rossby waves investigated in nu-
merous studies do not exceed the time scales about 100
days. On the other hand, the periods of oscillations re-
lated to the SOI, are larger than 2 years [see Fig. 2].
The goal of the present study is to develop a theory of
slow three-dimensional Rossby waves in rotating spher-
ical density stratified convection, and apply the theory
to explain the observations related to the Southern Os-
cillation. This paper is organized as follows. In Sec-
tion II, we consider the classical two-dimensional Rossby
waves in spherical geometry where we do not use the
β-plane approximation. In Section III, we explain the
basic ideas related to the theory of the three-dimensional
slow Rossby waves in rotating spherical density stratified
convection. In this section we also apply the developed
theory for the interpretation of the observed periods of
the SOI. In Section IV, we discuss our results and draw
some conclusions. In Appendices A and B we present
detailed derivations related to the developed theory.
II. TWO-DIMENSIONAL ROSSBY WAVES
We start with traditional two-dimensional Rossby
waves. To this end, we neglect viscosity in Navier-Stokes
equation for the velocity field v(t, r) and consider incom-
pressible rotating flow:
∂v
∂t
+ (v·∇)v = −∇p
ρ
+ 2v×Ω, (1)
∇·v = 0, (2)
whereΩ is the angular velocity, p is the fluid pressure and
ρ is the fluid density. We use spherical geometry, (r, ϑ, ϕ)
and consider the two-dimensional (2D) flow with vr = 0.
This implies that we study the two-dimensional flow on
the spherical surface with the constant radius R. The
equation for the radial component of vorticity wr(ϑ, ϕ)
is given by
∂wr
∂t
= −2(v·∇)Ωr, (3)
where w = ∇×v is the vorticity and Ω =
Ω(cosϑ,− sinϑ, 0). Equation (3) can be rewritten as fol-
lows:
∂wr
∂t
=
2Ω
R
vϑ sinϑ. (4)
For incompressible two-dimensional flow, we introduce
the stream function Ψ(ϑ, ϕ) defined as:
v =∇× [er Ψ(ϑ, ϕ)R] . (5)
Equations (4) and (5) yield the following equation for the
stream function Ψ(t, ϑ, ϕ):
∂∆Ψ
∂t
= −2Ω
R2
∂Ψ
∂ϕ
, (6)
where wr = −∆Ψ and vϑ = sin−1 ϑ (∂Ψ/∂ϕ). We seek
for a solution of this equation in the following form:
Ψ(t, ϑ, ϕ) = Cℓ,m P
m
ℓ (ϑ) exp(iωt+ imϕ), (7)
where Pmℓ (ϑ) is the associated Legendre function (spher-
ical harmonics) of the first kind, that is the eigenfunction
of the operator R2∆, i.e.,
R2∆Pmℓ (ϑ) = −ℓ(ℓ+ 1)Pmℓ (ϑ). (8)
Substituting Eq. (7) into Eq. (6) and using Eq. (8), we
obtain the well-known expression for the frequency of
the classical two-dimensional Rossby waves in the incom-
pressible flow [3]:
ω
(2D)
R =
2Ωm
ℓ(ℓ+ 1)
. (9)
III. THREE-DIMENSIONAL ROSSBY WAVES
IN CONVECTION
In this section we study an excitation of slow three-
dimensional (3D) Rossby waves with frequency that is
much smaller than the rotation frequency. We consider
a spherical rotating layer with the radius R in the pres-
ence of a density stratified convection, use the anelas-
tic approximation for very low-Mach-number flows, and
3neglect dissipative terms, for simplicity. The governing
equations written in a rotating frame of reference read:
∂v
∂t
+ (v·∇)v = −∇
(
p
ρ
)
− βθ + 2v×Ω, (10)
∂θ
∂t
+ (v·∇)θ = −(v·∇)θeq, (11)
∇·(ρv) = 0, (12)
where β = g/T0 is the buoyancy parameter, g is the
acceleration due to the gravity, θ = T (p0/p)
1−1/γ
is the
potential temperature with equilibrium value θeq. Here
T is the physical temperature with the reference value
T0, p is the fluid pressure with the reference value p0 and
ρ is the fluid density, and γ = cp/cv is the ratio of specific
heats.
We linearize Eqs. (10)-(12), take twice curl from equa-
tion of motion (10) to exclude pressure term, use spheri-
cal coordinates r, ϑ, ϕ, and write the obtained equations
for the radial components of velocity and vorticity vr, wr:(
Λ·∇−∆
)
∂vr
∂t
= 2(Ω ·∇)wr + 2(Ω×∇)r (Λ·v)
+2r−1Ωϑ∇rvϕ − β∆⊥θ, (13)
∂wr
∂t
= 2(Ω ·∇)vr − 2Ωr(Λ·v)− 2(v·∇)Ωr, (14)
∂θ
∂t
= −(v·∇)θeq, (15)
where Λ = −∇ρ/ρ = const, and the continuity equa-
tion (12) reads ∇·v = Λ·v. Let us rewrite Eqs. (13)-
(15) using new variables: U =
√
ρv, W =
√
ρw and
Θ =
√
ρ θ:(
Λ2
4
−∆
)
∂Ur
∂t
= (2Ω ·∇+Ω ·Λ)Wr
+2(Ω×∇)r (Λ·U) + r
−1 Ωθ (2∇r + Λ)Uϕ − β∆⊥Θ,
(16)
∂Wr
∂t
= (2Ω ·∇−Ω ·Λ)Ur + 2Ω
r
Uϑ sinϑ, (17)
∂Θ
∂t
= −Ω
2
b
β
Ur − Uϑ∇ϑΘeq, (18)
∇·U = 1
2
Λ·U , (19)
where Ω2b = β∇rΘeq and ∆⊥ is the angular part of the
Laplacian ∆. We seek for a solution of Eqs. (16)-(19)
using a basis of spherical vector functions that are eigen-
functions of the operator curl in spherical coordinates.
In particular, U is given by the following expression:
U =
∑
ℓ,m
exp (λt− ik r)
[
AˆrYr + AˆpYp + AˆtYt
]
,
(20)
where the coefficients Aˆr, Aˆp, Aˆt depend on ℓ and m, and
the vector basis functions (radial, poloidal and toroidal)
are given by
Yr = erY
m
ℓ (ϑ, ϕ), Yp = r∇Y
m
ℓ (ϑ, ϕ),
Yt = (r×∇)Y
m
ℓ (ϑ, ϕ), (21)
and Y mℓ (ϑ, ϕ) is the eigenfunction of the operator r
2∆⊥
with the eigenvalue −ℓ(ℓ+ 1).
Using the procedure described in Appendix A we ob-
tain the following dispersion equation:(
λ− 2iω(2D)R
) (
λ+ iω
(3D)
R
)
+ 2Ω2
(
1 +
3iσ
ℓ2 (1 + σ2)
)
+
Ω2bHρ
R
(
iω
(3D)
R
λ
+
4ℓ2Hρ
R (1 + σ2)
)
−ω(2D)R
(
ω
(2D)
R + ω
(3D)
R
)
= 0, (22)
where ℓ2 ≫ 1, σ = 2kHρ, Hρ = 1/|Λ|,
ω
(3D)
R =
8mΩHρ
R (1 + σ2)
, (23)
and ω
(2D)
R is the frequency of the two-dimensional Rossby
waves determined by Eq. (9). Equation (22) determines
three modes: the convective mode, the inertial waves
and the three-dimensional Rossby waves. These Rossby
waves are due to the combined effect of rotation and
curvature of the surface in density stratified developed
convection. The inertial waves are caused only by rota-
tion and described by the following dispersion relation:
ωI = 2(Ω · k)/k, where k is the wave vector.
Let us justify the assumption behind the condition
ℓ2 ≫ 1;m2 used for the derivation of Eqs. (22) and (23).
We study excitation of the three-dimensional slow Rossby
waves from the equilibrium based on the developed con-
vection. According to the observations (see, e.g., [7]),
6 large-scale convective cells are observed in the Earth’s
atmospheric large-scale circulation (the Hadley cell, the
Mid-latitude cell and the Polar cell, i.e., there are 3 con-
vective cells in the Northern Hemisphere and 3 convec-
tive cells in the Southern Hemisphere). These cells can
be interpreted in terms of the solution of Eqs. (16)-(19)
in the form of the spherical functions Y mℓ with ℓ = 6
and m = 0 (i.e., the axisymmetric modes). The solutions
for the slow three-dimensional Rossby waves are not ax-
isymmetric, and they have m = 1 or m = 2. This is the
reason for the assumption that ℓ(ℓ+ 1)≫ 1;m2.
Let us determine the conditions for the existence
of the slow 3D Rossby waves. The balance 2Ω2 +
(Ω2bHρ/R) (iω
(3D)
R /λ) = 0 with λ = −iω(3D)R determines
the Brunt-Va¨isa¨la¨ frequency:
Ωb = Ω
(
2R
Hρ
)1/2
, (24)
so the frequency of the three-dimensional slow Rossby
waves is given by:
ωR = −ω(3D)R . (25)
4The frequencies of the slow three-dimensional Rossby
waves, ω
(3D)
R , are smaller than some typical frequencies
in the system: ω
(3D)
R ≪ ω(2D)R ≪ Ω ≪ |Ωb|. In particu-
lar, since ℓ ≫ m the frequency of the 2D Rossby waves
ω
(2D)
R is much smaller than the angular velocity Ω [see
Eq. (9)]. Since Hρ ≪ R, the frequency of the 3D Rossby
waves ω
(3D)
R is much less than the angular velocity Ω.
The period of rotation, TΩ = 2π/Ω is 24 hours, the pe-
riods of the classical planetary two-dimensional Rossby
waves T
(2D)
R = 2π/ω
(2D)
R do not exceed the time scales
of the order of 100 days. In the Earth’s atmosphere,
the periods of the slow three-dimensional Rossby waves,
TR = 2π/ω
(3D)
R , vary in the range from 3 to 14 years (see
below).
In Fig. 3 we show the period TR = 2π/|ω(3D)R | of the
slow Rossby waves as a function of the normalized char-
acteristic scale Lz/Hρ, where Lz = π/k. Let us invoke
the three-dimensional slow Rossby waves for the inter-
pretation of the observed periods of the Southern Oscil-
lation. The Southern Oscillation is characterised by the
Southern Oscillation Index (SOI) (see Fig. 2), that con-
tains several typical periods which are larger than two
years. For example, the period TR = 2π/|ω(3D)R | = 13.88
years is obtained for Lz = 7.3 km, where in Eqs. (23)
and (25) we took into account that m = 1, Hρ = 8.3
km, Ω = 2.27 × 103 rad/years and R = 6400 km.
Here k = π/Lz corresponds to the boundary conditions:
vr(r = R) = vr(r = R + Lz) = 0 and vϑ(r = R) ≈
−vϑ(r = R+Lz). Similarly, for m = 1, the period equals
TR = 6.61 years for Lz = 10.6 km; TR = 4.96 years is ob-
tained for Lz = 12.4 km and TR = 3.96 years is obtained
for Lz = 16.3 km. On the other hand, for m = 2, we ob-
tain that the period equals TR = 3.96 years for Lz = 9.69
km and TR = 2.57 years is obtained for Lz = 12.1 km.
Note that the vertical scales Lz are of the order of the
height of the tropopause. These estimates and Fig. 3
show that the three-dimensional slow Rossby waves are
able to describe the observed periods of the SOI.
Note that the frequency of the classical Rossby waves,
ω = − βfkx
k2x + k
2
y +R
−2
d
, (26)
is obtained, e.g., using the β-plane approximation and
assuming that the Coriolis parameter f = f0 + βfy
(see [3, 4], and references therein). Here f0 = 2Ω sinφ,
Rd =
√
gH/f0 is the Rossby deformation radius, H is the
average depth of the layer, φ is the contact point latitude,
the coordinate y is in the meridional direction (northward
in the geophysical context), the coordinate x is in the
zonal direction (eastward), and the vertical coordinate z
is in the direction normal to the tangent plane, i.e. op-
posite to the effective gravity g, which includes a small
correction due to the centrifugal acceleration. When βf is
small (i.e., the slope of a rotating container is sufficiently
small), the frequency of the Rossby waves is small, i.e.,
the period of the Rossby waves is large. However, when
Eq. (26) is applied to the Earth’s atmosphere, it does not
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FIG. 3. The period TR = 2pi/|ω
(3D)
R | (measured in years)
of the slow 3D Rossby waves versus the characteristic scale
Lz/Hρ, where Lz = pi/k for m = 1 (solid) and m =
2 (dashed). The stars (for m = 1) and squares (for
m = 2) correspond to the observed periods of the SOI, see
Fig. 2. The vertical sizes of these observed modes, Lz =
7.3; 10.6; 12.4; 16.3 km, determine the wave numbers k of the
slow 3D Rossby waves, see Eqs. (23) and (25).
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FIG. 4. The characteristic time Tinst = γ
−1
R (measured in
years) of the excitation of the 3D Rossby waves versus the
characteristic scale Lz/Hρ of the convective cells for m = 1
(solid) and m = 2 (dashed).
yield the time scales ranging from 3 to 14 years (which
are the typical time scales for the SOI). In particular,
the periods of the classical Rossby waves described by
Eq. (26), do not exceed the time scales of the order of
100 days in the Earth’s atmosphere.
Let us discuss the mechanism of excitation of the slow
Rossby waves. The dispersion equation (22) allows us to
determine the growth rate of the instability that excites
the slow Rossby waves:
γR =
3σω
(3D)
R
ℓ2(1 + σ2)
. (27)
In Fig. 4 we show the characteristic time Tinst = γ
−1
R
of the excitation of the three-dimensional slow Rossby
waves versus the characteristic scale Lz/Hρ. This insta-
5bility is a non-axisymmetric instability modified by ro-
tation in a density stratified convection. The instability
causes excitation of the 3D Rossby waves interacting with
the convective mode and the inertial wave mode. The en-
ergy of this instability is supplied by thermal energy of
convective motions. This instability is different from the
convective instability in unstably stratified flows. In par-
ticular, the convective instability can be excited in the
axisymmetric flows.
IV. DISCUSSION
In the present study we propose a theory of three-
dimensional slow Rossby waves in rotating spherical den-
sity stratified convection. The frequency of these waves
[see Eq. (23)] is approximately determined by the follow-
ing balance in Eq. (16):(
Λ2
4
−∆
)
∂Ur
∂t
∼ 2(Ω×∇)r (Λ·U). (28)
This implies that the slow Rossby waves exist only in
three-dimensional density stratified flows, while in the in-
compressible flows there occur classical two-dimensional
Rossby waves (with vanishing radial velocity) which ex-
ist even without convection. The slow three-dimensional
Rossby waves emerge when the convective mode is ap-
proximately balanced by the inertial mode, i.e., there is
a balance between the Coriolis and buoyancy forces. The
slow Rossby waves are excited by a non-axisymmetric in-
stability with the characteristic time that is much larger
than the period of these waves. In this study we have
not taken into account the effects of turbulence, e.g.,
turbulence causes dissipation of waves. In atmospheric
flows, the strongest turbulence is located at the turbu-
lent boundary layer at the height that is of the order of
1 km.
We apply the developed theory for the three-
dimensional slow Rossby waves to interpret the obser-
vations of the Southern Oscillation characterized by the
Southern Oscillation Index (SOI). We found a good
agreement between the theoretical results and observa-
tions of the SOI.
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Appendix A: Derivation of the dispersion
equation (22)
We seek for a solution of Eqs. (16)-(19) using a basis of
spherical vector functions that are the eigenfunctions of
the operator curl in spherical coordinates. The function
U is given by U =
∑
ℓ,m exp(λt − ik r)[AˆrYr + AˆpYp +
AˆtYt], where the coefficients Aˆr, Aˆp, Aˆt depend on ℓ and
m, and Yr = erY
m
ℓ (ϑ, ϕ), Yp = r∇Y
m
ℓ (ϑ, ϕ), Yt =
(r×∇)Y mℓ (ϑ, ϕ), and Y
m
ℓ (ϑ, ϕ). The properties of these
functions are given in Appendix B. Using Eqs. (B17)–
(B18) given in Appendix B, we obtain:
Wr = −r−1
∑
ℓ,m
ℓ(ℓ+ 1) Aˆt (er · Yr) exp (λt− ik r) .
(A1)
Using Eqs. (20), (A1) and (B15) we get:
Uϑ =
[(
Λ
2
−∇r − 2
r
)
∇ϑ∆−1⊥ Ur −∇ϕ∆−1⊥ Wr
]
,
(A2)
Uϕ =
[(
Λ
2
−∇r − 2
r
)
∇ϕ∆−1⊥ Ur +∇ϑ∆−1⊥ Wr
]
.
(A3)
Using Eqs. (A2) and (A3), we rewrite Eqs. (16)-(17) in
the following form:
LˆWr = Ωˆ(−)Ur, (A4)
MˆUr = Ωˆ(+)Wr − β∆⊥Θ, (A5)
where
Mˆ =
(
Λ2
4
−∆
)
∂
∂t
+
2Ω
r2
[(
Λ2
4
−∇2r
)
∆−1⊥ + Λ r
]
∂
∂ϕ
,
(A6)
Lˆ = ∂
∂t
+
2Ω
r2
∂
∂ϕ
∆−1⊥ , (A7)
Ωˆ(±) = 2 (Ω ·∇)±
[
−2Ω sinϑ
r
(
∇r + Λ
2
)
∇ϑ∆−1⊥
+Ω ·Λ
]
. (A8)
The system of Eqs. (A4)-(A5) is reduced to the following
equation:[(
LˆMˆ − Ω2b ∆⊥ Hˆ − Ωˆ(+) Ωˆ(−)
) ∂
∂t
−Ω2b Hˆ
2Ω
r2
∂
∂ϕ
− Ω2bϑ Ωˆ(−)∇ϕ
]
ζr = 0, (A9)
where Ur = ∂ζr/∂t,
Hˆ = 1 +
(
Ω2bϑ
Ω2b
)(
−∇r + Λ
2
)
∇ϑ∆−1⊥ , (A10)
and Ω2bϑ = β (eϑ ·∇ϑ)Θeq. Using Eqs. (A9), we arrive
at the dispersion equation (22) for ℓ2 ≫ 1.
Using Eqs. (A2)–(A4), we determine the components
of the function U and the radial component of the func-
tion W for the three-dimensional slow Rossby waves:
Ur = iV0 exp(γRt) exp [i(ωRt− k r)] Y mℓ , (A11)
6Uθ =
RV0 exp(γRt)
4Hρ sin θ
exp [i(ωRt− k r)] (i− σ)
×
(
Y mℓ−1 + Y
m
ℓ+1
)
, (A12)
Uϕ =
RV0 exp(γRt)
8mHρ sin θ
exp [i(ωRt− k r)]
{
(3iσ − 1)Y mℓ
+
[
iσ (ℓ− 1) + ℓ+ 1
]
Y mℓ−2 −
[
iσ (ℓ + 2) + ℓ
]
Y mℓ+2
}
,
(A13)
Wr =
V0 exp(γRt)
4mHρ
exp [i(ωRt− k r)]
{
(ℓ− 1)
[
iσ (ℓ− 1)
+ℓ+ 1
]
Y mℓ−1 + (ℓ+ 2)
[
iσ (ℓ+ 2) + ℓ
]
Y mℓ+1
}
,
(A14)
where V0 = −iAˆr. The equation for the function P =√
ρ p is obtained by calculating the divergence of Eq. (10)
and using Eq. (A14):
P = −ρV0ΩHρ exp(γRt)
m (σ + i)2
exp [i(ωRt− k r)]
×
{
(ℓ − 1)
[
iσ (ℓ− 1) + ℓ+ 1
] (
Y mℓ−2 + Y
m
ℓ
)
+(ℓ+ 2)
[
iσ (ℓ + 2) + ℓ
] (
Y mℓ+2 + Y
m
ℓ
)}
. (A15)
Appendix B: Properties of the spherical vector
functions
The spherical vector functions are the eigenfunctions of
the operator curl in spherical coordinates. These func-
tions can be presented as
Y mℓ (ϑ, ϕ) = Aℓ,m P
|m|
ℓ (ϑ) exp(imϕ), (B1)
where the coefficient Aℓ,m is determined by the normal-
ization condition,
∫
Y mℓ (ϑ, ϕ)Y
−m
n (ϑ, ϕ) sinϑ dϑ dϕ =
δℓn, and is given by
Aℓ,m =
1
2
[
(ℓ− |m|)!
(ℓ+ |m|)!
(
2ℓ+ 1
π
)]1/2
. (B2)
(see [30, 31], and references therein). Equation (B2)
yields the following identity:
Aℓ,m
Aℓ+1,m
[
ℓ+ 1− |m|
2ℓ+ 1
]
=
[
(ℓ+ 1)2 −m2
4(ℓ+ 1)2 − 1
]1/2
.
(B3)
The associated Legendre function (spherical harmonics)
of the first kind, Pmℓ (ϑ), is determined by the following
equation:[
(1− Z2) d
2
dZ2
− 2Z d
dZ
+
(
ℓ(ℓ+ 1)− m
2
1− Z2
)]
Pmℓ (Z)
= 0, (B4)
where Z = cosϑ. The function Pmℓ (Z) has the following
properties:
(2ℓ+ 1)ZPmℓ (Z) = (l −m+ 1)Pmℓ+1(Z)
+(ℓ+m)Pmℓ−1(Z), (B5)
Z2Pmℓ (Z) = Iℓ,mP
m
ℓ (Z) + Jℓ,mP
m
ℓ+2(Z) + Lℓ,mP
m
ℓ−2(Z),
(B6)
where
Iℓ,m =
ℓ2 −m2
4ℓ2 − 1 +
(ℓ + 1)2 −m2
4(ℓ+ 1)2 − 1 . (B7)
When ℓ2 ≫ 1;m2, the function Iℓ,m ≈ 1/2. We also took
into account that∫ π
0
sin2 ϑ cosϑPmℓ (ϑ)
∂
∂ϑ
Pmℓ (ϑ) dϑ
=
1
2
∫ 1
−1
(Z3 − Z) ∂
∂Z
[Pmℓ (Z)]
2 dZ = −1
4
, (B8)
∫ π
0
sin3 ϑPmℓ (ϑ)
∂2
∂ϑ2
Pmℓ (ϑ) dϑ
=
1
2
[
2m2 − ℓ(ℓ+ 1)− 1] . (B9)
Using Eqs. (B3) and (B5) we obtain the following iden-
tities for ℓ2 ≫ 1;m2:
ZY mℓ =
[
ℓ2 −m2
4ℓ2 − 1
]1/2
Y mℓ−1 +
[
(ℓ+ 1)2 −m2
4(ℓ+ 1)2 − 1
]1/2
Y mℓ+1
≈ 1
2
(
Y mℓ−1 + Y
m
ℓ+1
)
, (B10)
(Z2 − 1)dY
m
ℓ
dZ
≡ r sinϑ∇ϑ Y mℓ =
[
(ℓ + 1)2 −m2
4(ℓ+ 1)2 − 1
]1/2
×ℓ Y mℓ+1 −
[
ℓ2 −m2
4ℓ2 − 1
]1/2
(ℓ+ 1)Y mℓ−1
≈ 1
2
(
ℓ Y mℓ+1 − (ℓ+ 1)Y mℓ−1
)
, (B11)
Z2Y mℓ ≈
1
4
(
Y mℓ−2 + 2Y
m
ℓ + Y
m
ℓ+2
)
, (B12)
(
sinϑ∇ϑ∆−1⊥
)
Y mℓ ≈
r
2ℓ
(
Y mℓ −
ℓ
ℓ+ 1
Y mℓ+1
)
, (B13)
(
sinϑ∇ϑ∆−1⊥
) (
sinϑ∇ϑ∆−1⊥
)
Y mℓ ≈
r2
4
[
Y mℓ−2
ℓ(ℓ− 1)
+
Y mℓ+2
(ℓ+ 1)(ℓ+ 2)
− Y mℓ
[
ℓ−2 + (ℓ+ 1)−2
]]
. (B14)
Since ∇·(ρv) = 0, the coefficient Aˆp is related with the
coefficient Aˆr:
Aˆp = − ikr − 2 + rΛ/2
ℓ(ℓ+ 1)
Aˆr, (B15)
where we used the following properties of the spherical
functions:
∇·Yr =
2
r
(er · Yr), ∇·Yp = − ℓ(ℓ+ 1)
r
(er · Yr),
∇·Yt = 0. (B16)
7To derive Eq. (A1) we took into account that:
∇×Yr = −∇×Yp = −1
r
Yt,
∇×Yt = −1
r
[ℓ(ℓ+ 1)Yr + Yp] , (B17)
Yp = −er×Yt, Yt = er×Yp. (B18)
Using Eqs. (B16)-(B18) we obtain:
∇·U = −1
r
∑
ℓ,m
exp (λℓ,mt− ik r)
[
(ikr − 2)Aˆr
+ℓ(ℓ+ 1) Aˆp
]
(er · Yr) , (B19)
∇×U = −1
r
∑
ℓ,m
exp (λℓ,mt− ik r)
[(
Aˆr − ikr Aˆp
)
Yt
+(ikr + 1) AˆtYp + ℓ(ℓ+ 1) r
−1 AˆtYr
]
. (B20)
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